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JOINT INFERENCE FOR MEAN AND VARIANCE

= We have derived the posterior for the p, conditional on o/ 7 being
known. What happens when o/ 7 is unknown? We need a joint prior
7(p, o?) for pand o2

= Write the joint prior distribution for the mean and variance as the
product of a conditional and a marginal distribution. That is,

(p,0%) = m(ulo®)m(o?).

= From the previous module, we have seen that we can set the conditional
prior m(u|o?) to be a normal distribution.

= For m(c?), we need a distribution with support on (0, c0). One such

family is the gamma family, but this is NOT conjugate for the variance of
a normal distribution.

= The gamma distribution is, however, conjugate for the precision 7, and in
that case, we say that o2 has an inverse-gamma distribution.
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JOINT INFERENCE FOR MEAN AND VARIANCE

= Recall that conjugacy means that for a prior () in a class of
distributions P , 7(0|Y) is also in class P.

= However, when we have multiple parameters, the dependence structure
in the prior must also be preserved in the posterior, for conjugacy to
hold.

= So, if
m(p,0°) = m(plo®)m(o?).

with 7(u|o?) a normal distribution, and 7(o%) an inverse-gamma
distribution, we will have conjugacy if 7(u, 02|Y") can also be written as

w(p,o?[Y) = n(plo?,Y)m(o’|Y),

where 7(p|o?,Y) is also a normal distribution, and 7(c?|Y) is an
inverse-gamma distribution, just like the prior.
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INVERSE-GAMMA DISTRIBUTION

= As before, we will continue to work mostly in terms of the precision 7.

= That is, we will deal with the already familiar gamma distribution,
instead of the inverse-gamma distribution.

= However, as a quick review, if § ~ ZG(a, b), then the pdf is

p(0) = rlz(;) 9~ D=5 for a,b> 0,
where
- E[0] = %
» V0] = (a—l)b;(a—Z) for a > 2,;
= Mode[f] = Fbl




CONJUGATE PRIOR

Once again, suppose Y = (y1, 42, . - ., Yn), Where each
Yi ~ N(/%T_l)'

A conjugate joint prior is given by

1 G 14 VOO'g
T=— ~ Gamma | —,
o2 2 2

1
plT ~ N (uo, —) :

RoT

This is often called a normal-gamma prior distribution.

0(2) is the prior guess for a2, while 1 is often referred to as the "prior

degrees of freedom”, our degree of confidence in ag.

1
RoT
arbitrary prior variance independent of 7/02. To do inference in that

scenario, we need Gibbs sampling (to come soon!).

We do not have conjugacy if we replace in the normal prior with an



CONJUGATE PRIOR

So, we have

1 1 1
r(ulr) = N (Mo, —) e o o {—EHOT(M _ M0)2} .

RoT

2 2
B ﬁ VOO'O n_q _TVOO'O
W(T)—Ga<2, 5 )oc7'2 exp{ 5 }

Thus, the kernel of the normal-gamma prior distribution is

= and

RoT

1 " Vo2
o< T%exp{—gm(ﬂ'(,u — /1,0)2} -TTO_lexp { ; 0 }

. g
~" (& S/
~~

oc (p|T) o (7)

2
= () = w(ulr) () =N (M07L> - Gamma (% %)

Take note of this form. When we derive the posterior kernel, we will try
to match it to this to recognize the parameters.



POSTERIOR FOR THE MEAN GIVEN VARIANCE,
UNDER NORMAL-GAMMA PRIOR

= Based on the normal-gamma prior, we need 7(u|Y, 7) and w(7|Y).

For m(u|Y, 7), we already know from the previous module that it will be
a normal distribution.

However, some algebra is required to get 7(7|Y).

Infact, we need to write the full joint posterior and go from there,
because we will need to keep some of the terms we discarded in the
derivation in the last module.

First, recall that the likelihood is

P(Y|p,7) < 77 exp {—%Tsz(n — 1)} exp {—%Tn(,u - g)?} :
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POSTERIOR DERIVATION

Then, 7(u,7|Y) o< w(u|r) x n(r) x P(Y|u, 1)

~ -~
o NS

2
1 1z TV)O
o T%exp {—EROT(M = ,uo)2} X 7-70’1exp {— ; 2

oc w(p|o?) oc (7) ’

x 75 exp {—%732(11 - 1)} exp {—5Tn(u - 5)2}

L S
~~

o P(Y|p,7)

= exp {—%Fam’(,u — ,uo)z} exp {—%m(u = ?J)z}

~ -
~~

Terms involving p

2
z TVO n 1
X T%TT()leXp{ ; 0 }7’5 exp{—ETSZ(n—l)}

N S/

Terms involving 7 but NOT p




POSTERIOR DERIVATION

1 1 -
m(k, 7|Y) oc exp {—5507(M2 — 2ppo + .U(z))} exp {—57%(#2 —2uy + y2)}

(&

Vv
Terms involving p

1w { T[Voag—l—sz(n—l)}}
X T2T 2 exp{ — 5

. J

Terms involving 7 but NOT p

A

— exp {—% (k0T (1 — 2pp0) + Tn(p® — 2u7)] }

TV
Terms involving p

2 2
]. vy+n ar VOU _|_S n — 1

2 2

Terms involving 7 but NOT p

1 _
= exp {—5 (12 (RT + KoT) — 2u(nTY + KoTpo)] }

(. S

"
Terms involving p

1 votn o

X T%exp{—E[KOTug—l—Tnf]} -T2 1exp{

NS

7 [wog + s*(n —1)] }
2

Terms involving 7 but NOT p




POSTERIOR DERIVATION

= To match the terms for the terms involving u to the normal kernel in the

prior, we need to complete the square so that we have something that
looks like the (1 — pi9)? term in our prior.

= Recall how to complete the square. Specifically, we can write

ap® + by
as
a(p+d)? +e,
where
b
= d = —, and
2a
b2
[ | e = - —




POSTERIOR DERIVATION

= First, write out the posterior again:

1 i
m(p, 7|Y) = exp {—5 [(nT + KoT)1? — 2p(nT + KoTpo)] }

N

N
Terms involving p

2 2
1 xin T |[Voy, +s°(n—1
X T%exp{__[507ﬂ3+7ng2}} -TOTlexp{ [ ] ( )} }

% 2

A

Terms involving 7 but NOT p

» Set a* = (n7T + KoT) and b* = (n7Ty + KoTHg), then complete the
square for the first part.

= m(p,7]Y) o exp {—% [a*p? — 2b*,u}}

(& J/
~~

Terms involving p

1 vg+n
X T%exp {—5 [ROT/Lg + mgz}} - T E *1exp {—

(.

7 [vog + s*(n —1)]
2

Terms involving 7 but NOT p



POSTERIOR DERIVATION

' 1 1% (b)? 1
= 7(p,7|Y) Téexp{ga*lp E] + (Za)* } : exp{—g[ﬁ07p3+rnﬂz}}

e { T [wog + s°(n — 1)] }

X T 2 “exp 5

_ 1, b 12 1 ) L, ()2
= T2exp Tkl exp 5 KoTy + TRy~ — pe

TV
Next, substitute the values for a* and b* back

e { T [wog + s°(n — 1)] }

X T 2 “exp 5

, 1 b 12 1 (nTY + KoTHo)?
= 7T2expl ——a’|lu— — expl —— | kot + ™y? —
p{ ) [“ a*l } p{ 5 [ 0THy + TNY T

TV
Next, expand terms and recombine

2 2
vn+n T VOO- +8 n — ].
- 02 —1eXp { [ 0 ( )} }

2




POSTERIOR DERIVATION

i 1. [ b 1 | o (g — 2009 + 5°)
= 7(u,7|Y) o< T2exp —5a |p— — expqy —3 p

ey { 7 [wog +5%(n —1)] }
X T 2 expl — 5

— T%exp{%a* [,u— %r} exp{% [”“(‘)Iioy;?i‘)())zl}

A { 7 [vog + 8% (n — 1)] }
X T 2 expl —

}

2

1 1 b 12
= Tz2€xp —Ea ,U,—F

(. J

STt (e el o e erd |5 e

iy T [1/003 + s%(n — 1)] T | nro(y — po)?
X T exp { — > exp | — % (ro T 7)




POSTERIOR DERIVATION

T 2
1 nTY + KT
= 7T(p,, T|Y) (0.8 T%exp S (m' + K/()T) |:,U/ . ( ) 0 ,ug) :|
2 (nT + KoT)
Normz;HKernel
ol T 2 2 nKy B )
X T 2 ex —— |voi +s8(n—1) + ———— _ ]}
Gamm;Kernel

= 7 —Zr(ko +n _M2
= TeXP{ ) (ko + )[,u (o 1) }}

h J/

Normal Kernel

x Tyilexp {—: [Voag +8*(n—1)+ ﬂ(g _ M0)2] }
2 (ko + n)

h g

vV
Gamma Kernel




POSTERIOR DERIVATION

2
71Y) = A (s o ) % Garama (22, 2098 ) — n(ulY rya(r(Y),

n 2

Un =1)+n
nK nK
0 I/OO'O + Z - (4 — po)?

Kn

1
03 = — ll/oag + s%(n — 1) +

Unp

@~ o] =+

n

= Turns out that the marginal posterior of u, that is,
m(plY) = [ m(p, 7|Y)dT is a t-distribution.

= You can derive that distribution if you are interested, we won't spend
time on it in class. We will be able to sample from it through Monte Carlo
anyway.



WHAT'S NEXT?

MOVE ON TO THE READINGS FOR THE NEXT MODULE!
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